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The electric permittivities and magnetic permeabilities for a relativistic electron gas are calcu-
lated from quantum electrodynamics at finite temperature and density as functions of temperature,
chemical potential, frequency, and wavevector. The polarization and the magnetization depend lin-
early on both electric and magnetic fields, and are the sum of a zero-temperature and zero-density
vacuum part with a temperature- and chemical potential-dependent medium part. Analytic calcu-
lations lead to generalized expressions that depend on three scalar functions. In the nonrelativistic
limit, results reproduce the Lindhard formula. In the relativistic case, and in the long wavelength
limit, we obtain: i) for ω = 0, generalized susceptibilities that reduce to known nonrelativistic limits;
ii) for ω 6= 0, Drude-type responses at zero and at high temperatures. The latter implies that one
may have both the eletric permittivity ǫ and the magnetic permeability µ simultaneously negative, a
behavior characteristic of metamaterials. This unambiguously indicates that the relativistic electron
gas is one of nature’s candidates for the realization of a negative index of refraction system. More-
over, Maxwell’s equations in the medium yield the dispersion relation and the index of refraction of
the electron gas. Present results should be relevant for plasma physics, astrophysical observations,
synchrotrons, and other environments with fast moving electrons.
PACS numbers: 11.10.Wx, 78.20.Ci, 42.50.Ct
Metamaterials evolved from a mathematical curiosity
[1] to real applications thanks to the nanoengineering
that made them accessible in the laboratory [2]. As a
consequence, they rekindled interest in the electromag-
netic responses of material media and led us to search for
a reliable way to calculate such responses for a relativistic
electron gas. Thus, we resorted to quantum field theory
[3–6] to investigate a system of relativistic electrons at
finite temperature and density. Besides providing a test
of the treatment, that system is a reasonable approxima-
tion to physical situations encountered in plasma physics,
astrophysics, synchrotrons, and other environments with
fast moving electrons.
One should note that no examples of naturally occur-
ring materials with ǫ electric permittivity and µ magnetic
permeability simultaneously negative were ever found [7].
As there seems to be no reason why that could not hap-
pen in nature, we have decided to look for such effects
in the relativistic electron gas at finite density and fi-
nite temperature for which analytic studies of electro-
magnetic responses may be straightforwardly performed
by using a quantum field theoretical approach. Indeed,
as we shall demonstrate, for long-wavelength radiation, a
finite density of relativistic electrons exhibits Drude-type
responses for both ǫ and µ−1, at T = 0, as well as at high
temperatures, implying that they can be simultaneously
negative for frequencies that are low when compared to
the electric plasmon frequency.
Let us first consider the partition function Z =
Tr e−β(Hˆ−ξ∆Nˆ) of quantum electrodynamics (QED) at
finite temperature and density, which describes an elec-
tron gas with fixed ∆N = Ne −Np (Ne is the number of
electrons; Np is the number of positrons) at temperature
T = β−1 (Boltzmann constant kB = 1) and chemical
potential ξ, coupled to the electromagnetic field Aν . Z
may be expressed as a functional integral over gauge and
fermion fields [5]
Z =
∮
[dΩ] δ(G)e−SA[A]Ze[A] , (1)
where
Ze[A] =
∮
[idψ†][dψ]e−Se[ψ
†,ψ,A] , (2)
[dΩ] ≡ [dAν ] det(δG/δΛ), and the determinant is the Ja-
cobian of the gauge transformation Aν → Aν − ∂νΛ.
Notice that the delta function imposes the gauge condi-
tion G[A] = 0, typically G[A] = ∂νAν , the actions SX =∫ β
0 dx4
∫
d3xLX (X = A, e) involve LA = − 14FµνFµν
and Le = ψ¯ΓAψ, ΓA = G−1A = i /D − m − iξγ4 is the
inverse of the electron propagator in the presence of the
gauge field, /D ≡ γ.(∂ − ieA), e and m are the electron
charge and mass, and ~ = 1, c = 1, ψ¯ = ψ†γ4. The inte-
gral
∮
runs over gauge fields obeying Aν(0, ~x) = Aν(β, ~x),
and electron fields obeying ψ(0, ~x) = −ψ(β, ~x) [8].
In the lowest order of a semiclassical approximation
(see Appendix A), we take Aµ to be a classical field, and
integrate over the electron field, to obtain
Ze[A] = det[−βγ4ΓA] = expTr ln[−βγ4ΓA]. (3)
This leads to a modified action for the Aµ field, Ssc[A] =
SA[A] − Tr ln[−βγ4ΓA], which takes into account the
response of the electrons. The extremal condition
δSsc/δAν = 0 gives the equation of motion
∂µFµν = −Tr[eγνGA] = Jν . (4)
2Splitting J into free J (0) (for A = 0) and induced J (I)
currents, we may rewrite the equation of motion as
∂µ(Fµν + Pµν) = J
(0)
ν , (5)
−∂µPµν = J (I)ν = Tr[eγνGA]− Tr[eγνG0], (6)
with G0 the free electron propagator. Pµν defines the
polarization ~P (P4j = iP
j) and magnetization ~M (Pij =
−ǫijkMk) vectors. Expanding the current in the field Aν
yields an infinite series of one-loop graphs, which is equiv-
alent to the the RPA approximation [9] of Condensed
Matter Physics. If we only retain the linear term, which
amounts to the linear response approximation, we obtain
the momentum space equation
iqµP˜µν(q) = Π˜νσ(q)A˜σ(q), (7)
where
Π˜νσ = −e
2
β
+∞∑
n=−∞
∫
d3p
(2π)3
Sp[γνG0(p)γσG0(p− q)]. (8)
The sum is over Matsubara frequencies p4 = (2n+1)πT ,
with Sp denoting trace over Dirac matrices. The solution
to Eq. (7),
P˜µν =
Π˜µσ
q2
Fνσ − Π˜νσ
q2
Fµσ , (9)
relates polarization and magnetization to the fields ~E
(F4j = iE
j) and ~B (Fij = ǫijkB
k), thus yielding elec-
tric and magnetic susceptibilities and, ultimately, elec-
tric permittivities and magnetic permeabilities. One may
write Π˜νσ = Π˜
(v)
νσ +Π˜
(m)
νσ to separate vacuum (T = ξ = 0)
and medium contributions. The vacuum gives
− Π˜
(v)
νσ
q2
= (δνσ − qνqσ
q2
)C(q2). (10)
The medium, however, introduces a preferred reference
frame (that of its center of mass). The symmetry is then
reduced to three-dimensional rotation and gauge invari-
ance, leading to
− Π˜
(m)
ij
q2
= (δij − qiqj|~q|2 )A+ δij
q24
|~q|2B, (11)
− Π˜
(m)
44
q2
= B, − Π˜
(m)
4i
q2
= −q4qi|~q|2 B, (12)
where A(q4, |~q|), B(q4, |~q|), and C(q2) are determined
from the Feynman graph in Eq. (8), which corresponds
to the QED polarization tensor at finite temperature and
density, computed long ago [10]. A and B are calculated
from the trace Π˜µµ and Π˜44, once we subtract the vac-
uum part, i.e,
A = −e
2
2π3q2
Re
∫
d3p
ωp
nF (p)
p.(p+ q)
q2 − 2p.q+(1−
3q2
2|~q|2 )B, (13)
and
B = −e
2
2π3q2
Re
∫
d3p
ωp
nF (p)
p.q − 2p4(q4 − p4)
q2 − 2p.q , (14)
where p4 = iωp = i
√|~p|2 +m2 and nF (p) = (eβ(ωp−ξ) +
1)−1+(eβ(ωp+ξ)+1)−1. Expressions (13) and (14) may be
integrated over angles [10] (Appendix B). C is obtained
from the vacuum polarization contribution [11].
The Euclidean space Π˜µν is a function of the Euclidean
q4. As Πµν(x, y) may be expressed as a current-current
correlation 〈jµ(x) jν(y)〉, jµ = ψ†γ4γµψ, it may be writ-
ten in terms of a spectral density ρ˜µν
Π˜µν(ωn, ~q) =
∫ +∞
−∞
dv
v + iωn
ρ˜µν(v, ~q), (15)
where ρ˜µν is expressible in terms of expectation values of
the eigenstates of the Hamiltonian. In order to obtain a
Minkowski space expression, we need the current-current
correlation for jµ = ψ†γ0γµψ, with the corresponding
spectral density also given by expectation values [5, 6].
Then, using our conventions for the relation between Eu-
clidean and Minkowski indices, we derive
Π˜∗44 = iΠ˜
00; Π˜∗4k = Π˜
0k; Π˜∗kl = −iΠ˜kl, (16)
where the asterisk means q4 = ωn → iω − 0+. Since
Euclidean q2 = q24+ |~q|2 goes to Minkowski −q2 = −q20 +
|~q|2, our prescription takes Euclidean quantities into the
physical Minkowski ones through
Π˜44
q2
→ −iΠ˜
00
q2
;
Π˜4k
q2
→ −Π˜
0k
q2
;
Π˜jk
q2
→ iΠ˜
jk
q2
, (17)
leading [cf. Eq. (9)] to the Minkowski expressions
P˜ j =
iΠ˜00
q2
E˜j − iΠ˜
jk
q2
E˜k + iǫjkl
Π˜0k
q2
B˜l, (18)
M˜ j =
iΠ˜kk
q2
B˜j − iΠ˜
jk
q2
B˜k − iǫjkl Π˜
0k
q2
E˜l. (19)
We now introduce Hµν = Fµν + Pµν , which defines
H4j = iD
j and Hij = ǫijkH
k, with ~D = ~E + ~P and
~H = ~B − ~M . The constitutive equations are derived
from Eqs. (10), (11), and (12), and Eqs. (18) and (19),
i.e,
D˜j = ǫjkE˜k + τ jkB˜k, (20)
H˜j = (µ−1)jkB˜k + σjkE˜k , (21)
where, by using qˆi ≡ qi/|~q|, one obtains
ǫjk = ǫδjk + ǫ′qˆj qˆk, (22)
(µ−1)jk = µ−1δjk + µ′−1qˆj qˆk, (23)
τ jk = τǫjkl qˆl, σjk = σǫjkl qˆl . (24)
One should stress that there are contributions to ( ~D, ~H)
along the directions of the fields ( ~E, ~B), of the wavevec-
tor ~q, and of (~q ∧ ~B, ~q ∧ ~E); also note that bianisotropic
crystals satisfy similar relations [12].
3The permittivities and permeabilities
ǫ = 1 + (2 − ω
2
q2
)C∗ +A∗ + (1− ω
2
|~q|2 )B
∗, (25)
µ−1 = 1 + (2 +
|~q|2
q2
)C∗ +A∗ − 2 ω
2
|~q|2B
∗, (26)
ǫ′ = −µ′−1 = |~q|
2
q2
C∗ −A∗, (27)
τ = σ =
ω
|~q| (
|~q|2
q2
C∗ − B∗), (28)
are determined by three scalar functions A∗, B∗, and C∗,
where again the asterisk means q4 → iω − 0+ . C∗ may
be obtained from the standard calculation at T = ξ = 0
[11]
C∗ = −e
2
12π2
{1
3
+ 2(1 +
2m2
q2
)[h arccot(h)− 1]} (29)
where h =
√
(4m2/q2)− 1 and the renormalization con-
dition is e2/(4π~c) = 1/137, with e2 = e2(ω = 0, ~q = ~0).
The vacuum contributions to permittivities and perme-
abilities are obtained by setting A∗ = B∗ = 0. On
the other hand, medium susceptibilities may be defined
as χe = ǫ − ǫv; χ′e = ǫ′ − ǫ′v; χem = τ − τv; χm =
−(µ−1 − µ−1v ); χ′m = −(µ′−1 − µ′−1v ); χme = −(σ − σv).
In the sequel, we shall examine the long-wavelength limit
|~q| → 0 of nonrelativistic and relativistic expressions, for
ω = 0 (the stationary case) and ω 6= 0, for various phys-
ical quantities of interest.
Nonrelativistic expressions [6, 13] will follow whenever
|ξ −m| << m, βm << 1, nF → n′F = (eβ(εp−ξ
′) + 1)−1,
with ε~p = |~p|2/2m and ξ′ = ξ −m. In Euclidean space,
q4/m ∼ T/m, which leads to A → 0 and |~q|2/m2 ∼ T/m.
Then, A∗ vanishes and χe → B∗ reduces to
χe → B∗ = −2e
2
|~q|2 Re
∫
d3p
4π3
n′F (~p)
ε~p − ε~p−~q − ω − i0+ . (30)
The above expression may easily be converted into the
Lindhard expression for the electric susceptibility,
χe → B∗ = −e
2
|~q|2 Re
∫
d3p
4π3
n′F (~p+ ~q)− n′F (~p)
ε~p+~q − ε~p − ω − i0+ . (31)
If one sets ω = 0 and goes to the long-wavelength limit
B∗ = e
2m
π2|~q|2
∫ ∞
0
dp n′F (p), (32)
which is the Thomas-Fermi expression χe = m
2
TF /|~q|2,
with
m2TF =
e2m
π2
∫ ∞
0
dp n′F (p). (33)
If, instead, ω 6= 0, in the long-wavelength limit, one ob-
tains the Drude expression ǫ = 1− ω2eω2 , where the electric
plasmon frequency is
ω2e =
−e2
π2m
∫ ∞
0
dp p2 n′F (p). (34)
For T = 0, with pF =
√
2mξ′, and the electron density
n = p3F /3π
2 (~ = 1),
ω2e =
e2m2
3π2
(pF
m
)3
=
ne2
m
. (35)
Since, in the nonrelativistic limit, A → 0 and q4/m ∼
|~q|2/m2 ∼ T/m, all other medium suceptibilities vanish
in lowest order.
The relativistic case sets in as |ξ−m| ∼ m, or T ∼ m,
or both. Then, generalized expressions must be used to
investigate the stationary case, ω = 0, as well as the case
ω 6= 0, in the long wavelength limit |~q| → 0. In the
stationary case ω = 0, one has χe = A∗+B∗, χ′e = χm =
χ′m = −A∗. In the long-wavelength limit,
A∗ = − e
2
6π2
∫ ∞
0
dp nF (~p)√
|~p|2 +m2 , (36)
B∗ = e
2
π2|~q|2
∫ ∞
0
dp nF (~p)√
|~p|2 +m2 (m
2 +
3
2
|~p|2). (37)
For T = 0, one obtains a closed relativistic expression
(ξ/m ≡ ζ),
χ′e = χm = χ
′
m =
e2
6π2
arccosh(ζ). (38)
In the nonrelativistic limit,
χ′e = χm = χ
′
m =
e2
6π2
√
2mξ′
m
=
e2
6π2
pF
m
, (39)
where pF =
√
2mξ′ is the Fermi momentum. That is just
χ′e = χm = χ
′
m =
e2
4π2
pF
m
− e
2
12π2
pF
m
, (40)
the sum of χPauli = (e
2/4π2~c)(pF /mc) and χLandau =
−(e2/12π2~c)(pF /mc), where we have restored the units
~ and c. For χe, the long-wavelength limit yields the rel-
ativistic generalization of the Thomas-Fermi expression
χe = m
2
TF /|~q|2, with
m2TF =
e2
π2
∫ ∞
0
dp nF (~p)√
|~p|2 +m2 (m
2 +
3
2
|~p|2). (41)
For T = 0, one finds
m2TF
m2
=
e2
4π2
[arccosh(ζ) + 3ζ
√
ζ2 − 1], (42)
with nonrelativistic limit m2TF /m
2 = (e2/π2)
√
2ξ′/m, or
m2TF /m
2 = (e2/π2~c)(pF /mc), which is the same that
we obtain from Eq. (33) at T = 0.
In order to access the long-wavelength relativistic limit
for ω 6= 0, one takes |~q| → 0 and expands the expressions
for A∗ and B∗ after the angular integration (Appendix
B). Note that the last terms in Eqs. (25), (26) now dom-
inate, whereas they do not contribute in leading order
in the nonrelativistic regime. In fact, for nonrelativistic
4systems in thermal equilibrium with the radiation, we
must have ω ∼ (|~q|2/2m) << m, so that (ω2/|~q|2) << 1.
Taking the long wavelength limit after the nonrelativistic
one yields a Drude expression for ǫ, but not for µ−1.
For T = 0, the ǫ electric response is given by a Drude-
type expression
ǫ = 1− ω
2
e
ω2
+
e2
3π2
ge(ζ) +O(
ω2
4m2
), (43)
ω2e
4m2
=
e2
12π2
(ζ2 − 1)3/2
ζ
, (44)
and so is the µ−1 magnetic response,
µ−1 = 1− ω
2
m
ω2
− 5e
2
6π2
gm(ζ) +O(
ω2
4m2
), (45)
ω2m
4m2
=
2e2
12π2
(ζ2 − 1)3/2
ζ
, (46)
where ge and gm are given in the Appendix. We note that
there is a relation between ωm and ωe, i.e, ωm =
√
2ωe,
and that the vacuum contribution is O(ω2/4m2). The
electron plasmon frequency Ωe is defined as the zero of
ǫ, Ω2e = ω
2
e [1 +
e2
3π2 ge(ζ)]
−1 ≃ ω2e . The ζ → 1 limit of the
electric plasmon frequency coincides with the one given
in Eq. (35).
The Drude-type expressions imply that the electric and
magnetic responses may be simultaneously negative for
small ω. We should emphasize that the Drude-type be-
havior comes solely from the medium contribution; the
vacuum part does not exhibit any singular behavior.
One might wonder about the effect of corrections on
the Drude result. Those coming from the interaction
of electrons with the classical fields will be nonlinear in
the fields, typically of order α(αE2/m4) or α(αB2/m4).
Those coming from e-e interactions will have a linear re-
sponse term of order α2 and nonlinear contributions also
of order α(αE2/m4), α(αB2/m4). For fields that are
not strong enough to invalidate the linear response ap-
proximation, those corrections will, presumably, be small
compared to the leading contribution, and therefore un-
able to cancel the 1/ω2 terms.
Finally, we investigate how a wave propagates inside
the electron gas. That will lead to a dispersion relation,
which allows us to obtain the index of refraction. From
the equations qµH˜µν = 0 and ǫµναβqνF˜αβ = 0, combined
with the constituent equations, one may proceed in the
usual way to derive
[(µ−1 +
ω
|~q|σ)|~q|
2 − (ǫ− |~q|
ω
τ)ω2]E˜i = 0, (47)
[(µ−1 +
ω
|~q|σ)|~q|
2 − (ǫ− |~q|
ω
τ)ω2]B˜i = 0. (48)
For a plane-wave solution, the dispersion relation is
|~q|2 − (µǫ)ω2 + 2(µτ)ω|~q| = 0. (49)
The relation |~q| = |~q|(ω), which satisfies Eq. (49), leads
to the index of refraction n(ω) = |~q|/ω. For τ = 0, we
recover the usual expression n =
√
µ
√
ǫ. Notice that, in
the long-wavelength limit, one has τ = 0, n =
√
µ
√
ǫ,
and electric and magnetic responses that may be simul-
taneously negative. It then follows that one may obtain
negative indices of refraction for the relativistic regime
in such a limit.
In conclusion, we have calculated electromagnetic re-
sponses from quantum field theory at finite temperature
and density for a relativistic electron gas. We have shown
that, in the relativistic regime, the gas will exhibit Drude-
type responses for both ǫ and µ−1 in the |~q| → 0 long-
wavelength limit, implying that such quantities may be
simultaneously negative. The generalized formula [cf.
Eq. (49)] obtained for the index of refraction for the
electron plasma reduces to the n =
√
µ
√
ǫ usual one for
|~q| → 0, so that the plasma will exhibit a negative index
of refraction under those conditions.
Summing up, the electrodynamics of materials with
negative indices of refraction, with electrical permittivity
and magnetic permeability simultaneously negative, was
investigated by Veselago [1], and remained a mathemati-
cal curiosity for many years, until split ring resonators en-
hanced magnetic responses to allow for negative perme-
abilities simultaneously with negative permittivities [2].
Relativistic systems, however, do not suffer from a v/c
damping of magnetic effects with respect to electric ones.
In fact, the last terms in Eqs. (25) and (26) dominate in
the relativistic limit (which explains the ωm =
√
2ωe re-
lation). Those are the terms that lead to Drude-type re-
sponses. As they are determined by symmetry, one may
suggest that it is a natural behavior, which will occur
for other relativistic systems, such as a gas of charged
bosons. This problem is currently under investigation,
and will be the object of a forthcoming article. Finally,
this work suggests that the relativistic electron gas is one
of nature’s candidate for the realization of a negative in-
dex of refraction system. Our suggestion relies on the ex-
pectation that the RPA approximation, which does not
take into account electron-electron interactions, is still
a reasonable description of the electron gas (Appendix
A), just as it is for simple metals. We are currently ex-
ploring our results numerically using physical parameters
extracted from experimental data [17].
We do hope that present results will be of relevance
for future studies in plasma physics, astrophysical obser-
vations, synchrotrons, and other environments with fast
moving electrons. A specific experimental scenario where
relativistic T = 0 results can be tested is in a synchrotron
accelerator. The electrons inside the beam are relativis-
tic, well separated (which favors an indepent particle ap-
proximation), and one can actually probe the electromag-
netic responses of the beam to externally applied time-
dependent fields by monitoring the fields inside the beam.
In astrophysical scenarios, relativistic electron gases do
occur [14], and their electromagnetic responses may be
probed by comparing incident and scattered radiation.
5Finally, temperature effects may be tested in relativistic
electron gases ejected from stars.
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Appendix A: Semiclassical expansion
In expression (1), we write Aµ = A
(c)
µ + ~aµ (~ = 1),
where Aµ = A
(c)
µ is a classical solution of the sourceless
equation of motion for Aµ, which we identify with the
external classical field incident on the electron gas [15].
The Lagrangean for the EM field becomes
LA = −1
4
F (c)µν F
(c)
µν −−
1
4
fµνfµν . (A1)
We then integrate over aµ before doing the fermion inte-
gration ∮
[daµ] det(δG/δΛ) δ(G)e−Sa[aµ,ψ,ψ¯] (A2)
with Sa given by the quadratic form
Sa =
1
2
∫∫
dxdy axµ[G
γ
µν ]
−1
xy a
y
ν + e
∫
dx (ψ¯γµψ)xa
x
µ,
(A3)
where we have used the shorthand
∫
dx ≡ ∫ β
0
dx4
∫
d3x,
and Gγµν is the photon propagator in the chosen gauge.
The quadratic integral may be performed. Taking minus
its logarithm
Sinte = −
e2
2
∫∫
dxdy(ψ¯γµψ)xG
γ
µν(x− y)(ψ¯γνψ)y. (A4)
The integral over quantum fluctuations of the gauge field
leads to electron-electron interactions mediated by the
photon propagator. The remaining fermionic integral is
given by
Z(sc)e [A
(c)] =
∮
[idψ†][dψ]e−S
(sc)
e [ψ
†,ψ,A(c)], (A5)
where the fermionic semiclassical action is S
(sc)
e = Se +
Sinte . Expanding exp(S
int
e ), the fermion integral reads
Z(sc)e [A
(c)] ∼=
∮
[idψ†][dψ]e−Se[ψ
†,ψ,A(c)][1 + Sinte ], (A6)
FIG. 1: Expansion of the electron propagator in the external
field, represented by wiggly lines.
FIG. 2: Graph for the e-e interaction expanded in the exter-
nal field (wiggly lines) The dashed wiggly lines represent the
photon propagator.
where we have neglected a term O(α4).
The approximation in (3) only kept the leading term
in (A6). There, we dropped the superscript c with the
understanding that A is a classical field.The fermion de-
terminant which results from the integration involves the
electron propagator in the presence of the background
field. That propagator can be expanded in the back-
ground Fig. 1, so that Tr ln[−βγ4ΓA] − Tr ln[−βγ4G−10 ]
is given as an infinite sum of one-loop graphs: a fermion
loop with an even number (due to Furry’s theorem [11])
of insertions of the classical field,
1
2
Tr(G0 /AG0 /A) +
1
4
Tr(G0 /AG0 /AG0 /AG0 /A) + .... (A7)
The first term of the series is just
1
β
∑
n
∫
d3q
(2π)3
A˜µ(q)Π˜µν (q)A˜ν(−q), (A8)
with Π˜µν(q) given by (8), the one-loop vacuum polariza-
tion tensor [11]. The next term, with four insertions, is
still one-loop, nonlinear in the fields, depending on (T, ξ),
and typically of order α(αE2/m4) or α(αB2/m4).
If we consider the first contribution from the e-e inter-
cation, we have to contract the four fermion term in Sinte
with the electron propagator in the external field. The re-
sulting graph (Fig. 2) is a two-loop contribution. When
we expand in the external field, the first contribution that
depends on the field is quadratic and of order α2, and
contributes in linear response. Next terms in the expan-
sion in the external field are nonlinear (T, ξ)-dependent
contributions of order α(αE2/m4), α(αB2/m4).
In conclusion, restricting our attention to formula (3)
is equivalent to neglecting one-loop contributions that are
nonlinear, as well as a two-loop contribution to linear re-
sponse of order α2, and nonlinear ones that also come in
with e-e interactions. Although nonlinear terms might
6bring in interesting effects [18], we will restrict our anal-
ysis to fields that are not strong enough to invalidate the
linear response approximation. Therefore, we only con-
sider the interaction of independent electrons with weak
external fields.
Appendix B: Relativistic Drude expressions
Equations (13) and (14) may be integrated over angles
and continued to Minkowski space q4 → iω to give
B∗ = −e
2
π2q2M
∫ ∞
0
dp p2nF
ωp
[1 +
4ω2p + q
2
M
8p|~q| f1 −
ωpω
2p|~q|f2],
(B1)
D∗ = −e
2
π2q2M
∫ ∞
0
dp p2nF
ωp
[1 +
2m2 + q2M
8p|~q| f1], (B2)
where D∗ ≡ A∗− (1+ 3q2M2|~q|2 )B∗, and q2M = ω2− |~q|2. The
functions f1 and f2 are
f1 = ln
(q2M − 2p|~q|)2 − 4ω2pω2
(q2M + 2p|~q|)2 − 4ω2pω2
, (B3)
f2 = ln
ω4 − 4(ωωp + p|~q|)2
ω4 − 4(ωωp − p|~q|)2 . (B4)
Introducing the dimensionless variables x ≡ ωp/m, a ≡
ω/2m, and b ≡ |~q|/2m, and the functions
L1(a, b) ≡ ln(ax+ b
√
x2 − 1 + a2 − b2), (B5)
L2(a, b) ≡ ln(ax+ b
√
x2 − 1 + a2), (B6)
we may rewrite
f1 = −L1(a, b)− L1(−a, b) + L1(a,−b) + L1(−a,−b)
(B7)
f2 = +L2(a, b) + L2(−a,−b)− L2(a,−b)− L2(−a, b),
(B8)
These integrals may be performed for any values of a
and b [16]. In [17], we have numerically verified that the
extrapolation of relativistic expressions for ǫ (after angu-
lar integration) to nonrelativistic parameters fits well the
experimental data for plasmon frequencies in condensed
matter systems at finite temperature. This is because we
have Drude expressions in both the relativistic and non-
relativistic regimes. That is not the case for µ−1, where a
Drude expression only appears in the relativistic regime.
However, as we are interested in the long wavelength
limit, |~q| → 0, we expand f1 and f2 in powers of b
f1√
x2 − 1 = −
2b
a
F
(1)
− −
2b3
3a3
[F
(1)
− + aF
(2)
+ + (a
2 − 1)F (3)− ],
(B9)
f2√
x2 − 1 = +
2b
a
F
(1)
+ +
2b3
3a3
[F
(1)
+ − 2aF (2)− +(a2− 1)F (3)+ ],
(B10)
where we have used
F
(j)
± ≡
1
(x+ a)j
± 1
(x − a)j . (B11)
In terms of the dimensionless variables introduced above,
we have
B∗ = − e
2
4π2
1
a2 − b2
∫ ∞
1
dxnF (x)[
√
x2 − 1
+
(x2 + a2 − b2)
4b
f1 − 2a
4b
f2] (B12)
D∗ = − e
2
4π2
1
a2 − b2
∫ ∞
1
dxnF (x)[
√
x2 − 1
+
(1 + 2a2 − 2b2)
8b
f1] (B13)
Using (B9) and (B10), we obtain
a2
b2
B∗ = e
2
4π2
[
2
3a2
I(0) +
1 + 14a2
3a2
I(1) + 4a2I(2)
]
,
(B14)
a2D∗ = − e
2
4π2
[
I(0) +
1 + 2a2
2
I(1)
]
, (B15)
which lead to
A∗ = − 3e
2
2π2
[
I(1) + a2I(2)
]
, (B16)
where the integrals I(j), related to (B11), are given by
I(j)(a2) ≡
∫ ∞
1
dxnF (x)
√
x2 − 1
(x2 − a2)j , (B17)
with I(2) = ∂I(1)/∂a2.
We may compute these integrals exactly at T = 0,
when nF (x) = Θ(ζ − x). We use the Euler substitution√
(x− 1)(x+ 1) = t(x+1) and decomposition in partial
fractions to derive
I(0) =
1
2
[ζ
√
ζ2 − 1− ln(ζ +
√
ζ2 − 1)], (B18)
I(1) = ln(ζ +
√
ζ2 − 1)− 1
σ(a)
arctg(
σ(a)
σ(ζ)
,(B19)
where σ(y) ≡ y/
√
|1− y2|. We have used q2M → ω2 > 0.
Since we will be interested in ω → 0, we have also taken
a << 1.
Using the expressions
ǫ = 1 + C∗ +A∗ + (1− a
2
b2
)B∗, (B20)
µ−1 = 1+ 2C∗ +A∗ − 2a
2
b2
B∗, (B21)
7and expanding (B14) and (B16) for a << 1 (C∗ is O(a2)),
we obtain
ǫ = 1− a
2
e
a2
+
e2
3π2
ge(ζ) +O(a
2), (B22)
µ−1 = 1− a
2
m
a2
− 5e
2
6π2
gm(ζ) +O(a
2), (B23)
where a2m = 2a
2
e,
a2e =
ω2e
4m2
=
e2
12π2
(ζ2 − 1)3/2
ζ
, (B24)
and the O(α) corrections are given by
ge(ζ) = ln(ζ +
√
ζ2 − 1)− 1
σ(ζ)
− 7
6σ3(ζ)
, (B25)
gm(ζ) = ln(ζ +
√
ζ2 − 1)− 1
σ(ζ)
− 14
15σ3(ζ)
.(B26)
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